We recall related results which are previously known. T.Fujita conjectured that, for a smooth projective variety X and an ample divisor L on X, the linear system |K X +mL| is free if m ≥ dim X +1. Ein and Lazarsfeld [EL] proved that this is the case if dim X = 3. Oguiso and Peternell [OP] proved that |K X + 5L| is free if X is a projective threefold with only Q-factorial terminal Gorenstein singularities. Ein, Lazarsfeld and Maşek [ELM] and Matsushita [M] extended some of the results of [EL] to projective threefolds with terminal singularities.
Introduction
We recall related results which are previously known. T.Fujita conjectured that, for a smooth projective variety X and an ample divisor L on X, the linear system |K X +mL| is free if m ≥ dim X +1. Ein and Lazarsfeld [EL] proved that this is the case if dim X = 3. Oguiso and Peternell [OP] proved that |K X + 5L| is free if X is a projective threefold with only Q-factorial terminal Gorenstein singularities. Ein, Lazarsfeld and Maşek [ELM] and Matsushita [M] extended some of the results of [EL] to projective threefolds with terminal singularities.
Our results are generalizations of the following Kawamata [K2] : Let X be a normal projective variety of dimension 3, L an ample Cartier divisor, and x 0 ∈ X a smooth point. Assume that there are positive numbers σ p for p = 1, 2, 3 which satisfy the following conditions: (1) p (L) p · W ≥ σ p for any subvariety W of dimension p which contains x 0 , (2) σ 1 ≥ 3 , σ 2 ≥ 3 and σ 3 > 3. Then |K X + L| is free at x 0 .
We shall prove the following results in this paper: Let X be a normal projective variety of dimension 3, x 0 ∈ X, and L an ample Q-Cartier divisor such that K X + L is a Cartier divisor at x 0 . Assume that p (L) p · W ≥ σ p for any subvariety W of dimension p which contains x 0 .
(1)(Theorem 3.1) Assume that x 0 ∈ X is a Gorenstein terminal singular point, and σ 1 > ( 3 √ 2 + √ 3)/ 3 √ 2, σ 2 > 3 √ 2 + √ 3, and σ 3 > 3 √ 2 + √ 3. Then |K X + L| is free at x 0 . (Note that 3 > 3 √ 2 + √ 3 > 2.99) (2)(Theorem 3.4) Assume that x 0 ∈ X is a Gorenstein terminal singular Qfactorial point, and σ 1 ≥ 2, σ 2 ≥ 2 √ 2, and σ 3 > 2 3 √ 2. Then |K X + L| is free at x 0 .
(3)(Theorem 3.5) Assume that x 0 ∈ X is a quotient singular point of type (1/r, 1/r, 1/r) for an integer r, and σ 1 ≥ 3/r, σ 2 ≥ 3/ √ r, and σ 3 > 3/ 3 √ r.
Then |K X + L| is free at x 0 .
(4)(Theorem 3.7) Assume that x 0 ∈ X is a quotient singular point of type (1/r, 1/r, −1/r)for an integer r ≥ 3, and σ 1 ≥ 1+(1/r), σ 2 ≥ (1+(1/r)) √ r + 3 and σ 3 > (1 + (1/r)) 3 √ r + 2. Then |K X + L| is free at x 0 . Lee [L] proved that |K X + 4L| is free for projective threefolds with only Qfactorial terminal Gorenstein singularities.
The proofs of Theorem 3.1,3.4 and 3.5 are very similar to those in [K2] . But we obtain the estimates in these cases which is better than in the smooth case. Moreover, we have example (Ex.3.6) which shows that the conditions in Theorem 3.5 is best possible. Furthermore, we have example (Ex.3.8) which shows that the condition σ 3 > 3. The proof of Theorem 3.7 is very similar to those in [K2] , too.
The reason is that in Theorem 3.1 the coefficient for the exceptional divisor is 1 for the blowing-up of X at x 0 . (If x 0 is smooth point, it is 2.) Since a neighborhood at x 0 is embedded as a hypersurface in a smooth fourfold, we can use the argument in [K2, 4.1 step 2-2]. In Theorem 3.5, the coefficient for the exceptional divisor is 3/r − 1 for the blowing-up of X at x 0 . We consider Q-Cartier divisors with order d/r at x 0 for an integer d. A Q-Cartier divisor with integral order at x 0 was treated in [K2] . In Theorem 3.7, the coefficient for the exceptional divisor is 1/r for the blowing-up of X at x 0 . Acknowledgment: The author would like to express his thanks to Professor Yujiro Kawamata for his advice and warm encouragement.
Preliminary
Most of the results of this paper are the applications of the following vanishing theorem:
Theorem 1.1. Let X be a smooth projective variety and D a Q-divisor. Assume that D is a nef and big, and that the support of the difference ⌈ D ⌉ −D is a normal crossing divisor. Then H p (X, K X + ⌈ D ⌉ ) = 0 for p > 0.
We recall notation of [K2] (cf [KMM] ).
Definition 1.2. Let X be a normal variety and D = Σ i d i D i an effective Q-divisor such that K X + D is Q-Cartier. If µ : Y → X is an embedded resolution of the pair (X, D), then we can write
with F = µ −1 * D + Σ j e j E j for the exceptional divisors E j . The pair (X, D) is said to have only log canonical singularities (LC) (resp.kawamata log terminal singularities(KLT )) if d i ≤ 1(resp. < 1) for all i and e j ≤ 1(resp. < 1) for all j.
A subvariety W of X is said to be a center of log canonical singularities for the pair (X, D), if there is a birational morphism from a normal variety µ : Y → X and a prime divisor E on Y with the coefficient e ≥ 1 such that µ(E) = W . The set of all the centers of log canonical singularities is denoted by CLC(X, D). The union of all the subvarieties in CLC(X, D) is denoted by LLC(X, D) and called the locus of log canonical singularities for (X, D). For a point x 0 ∈ X, we define CLC(X, x 0 , D) = {W ∈ CLC(X, D); x 0 ∈ W }.
We shall use the following propositions proved by Kawamata [K2] . Then we shall control the singularities of the minimal center of log canonical singularities and replace the minimal center of log canonical singularities by a smaller subvariety. [K2 1.6] ). Let X be a normal variety and D an effective Q-Cartier divisor such that K X +D is Q-Cartier. Assume that X is KLT and (X, D) is LC. If W 1 , W 2 ∈ CLC(X, D) and W is an irreducible component of W 1 ∩ W 2 , then W ∈ CLC(X, D). If (X, D) is not KLT at a point x 0 ∈ X, then there exists the unique minimal element W 0 of CLC(X, x 0 , D). Moreover, W 0 is normal at x 0 . Proposition 1.4 ([K2 1.9]). Let x 0 ∈ X, D and W 0 be as in Proposition 1.3. Assume that dim W 0 = 2. Then W 0 has at most a rational singularity at x 0 . Moreover, if W 0 is singular at x 0 , and if D ′ is an effective Q-Cartier divisor on X such that ord x 0 D ′ | W 0 ≥ 1, then {x 0 } ∈ CLC(X, x 0 , D + D ′ ) .
Remark 1.5. The result in Proposition 1.4 is extended to higher dimension ( [K3] ).
Proposition 1.6 ([K2 1.10]). Let x 0 ∈ X, D and W 0 be as in Proposition 1.3. Let D 1 and D 2 be effective Q-Cartier divisors on X whose supports do not contain W 0 and which induce the same Q-Cartier on W 0 . Assume that (X, D + D 1 ) is LC at x 0 and there exists an element of CLC(X, D + D 1 ) which is properly contained in W o . Then the similar statement holds for the pair (X, D + D 2 ).
General method
We shall use the following lemma. Then we can decide the conditions to obtain the Q-Cartier divisor from members of the given linear system which has the prescribed order at a given point.
Lemma 2.1. Let X be a normal and complete variety of dimension n, L a nef and big Q-Cartier divisor, x 0 ∈ X a point, and t,t 0 a rational number such that t > t 0 > 0. Then there exists an effective Q-Cartier divisor D such that D ∼ Q tL and
Proof. We take r ∈ Q such that rL is cartier and t ′ ∈ Q such that t ′ = t/t 0 > 1. By [K2 2 .1], there exists an effective Q-Cartier divisor rD ′ and
We take D = t 0 D ′ .
We generalize [K2 2.3] . In [K2 2 .3], a given point is a Gorenstein KLT point. But we consider that a given point is a KLT point. The following proposition is a key of the proofs of our main results.
Proposition 2.2. Let X be a normal projective variety of dimension n, x 0 ∈ X a KLT point, and L an ample Q-Cartier divisor such that K X + L is Cartier at x 0 . Assume that there exists an effective Q-Cartier divisor D which satisfies the following conditions:
, then we may assume that x 0 is an isolated point of LLC(X, D). Let µ : Y → X be an embedded resolution of the pair (X, D). Then
is also surjective.
We generalize [K2, 2.2] . In [K2, 2.2], a Q-divisor has integral order at x 0 . But in the following lemma, we treat a Q-divisor d/r at x 0 whose order is for an integer d.
Lemma 2.3. Let X be a normal projective variety of dimension 3 , x 0 ∈ X a quotient singular point of type (1/r, 1/r, 1/r) for an integer r, L an ample Q-Cartier divisor such that K X + L is Cartier at x 0 , W a prime divisor with ord x 0 W = d/r ≥ 1/r for an integer d, and e,k positive rational numbers such that de ≤ 1 and (k/r) 3 < (L) 3 /r 2 . Assume that there exists an effective Qdivisor D such that D ∼ Q L and ord x 0 D ≥ k/r and moreover that D ≥ ekW for any such D. Then there exists a real number λ with 0 ≤ λ < 1 and λ ≤ max{1 − de, (3de) −1/2 } which satisfies the following condition: if k ′ is a positive rational number such that k ′ > k and
then there exists an effective Q-divisor D such that D ∼ Q L and ord x 0 D ≥ k ′ /r. (If λ = 1 − de ,then the left hand side of the above inequality should be taken as a limit.)
Let m be a large and sufficiently divisible integer and ν :
Let D ∈ |mL| be a member corresponding to h ∈ V i for some i. Since we have D ≥ φ(ir/m)mW , the number of conditions in order for h ∈ V i+1 is at most the number of homogeneous polynomials of order
Therefore, we have k ′ <k because
Main Theorem
First we consider Gorenstein terminal singular points.
Theorem 3.1. Let X be a normal projective variety of dimension 3, x 0 ∈ X a Gorenstein terminal singular point, and L an ample Q-Cartier divisor such that L is Cartier at x 0 . Assume that there are positive numbers σ p for p = 1, 2, 3 which satisfy the following conditions:
Proof.
Step 0. Let t be a rational number such that t > 2 3 √ 2/ 3 (L 3 ). Since σ 3 > 2 3 √ 2, we can take t < 1. Let t 0 be a rational number such that
Since x 0 is a Gorenstein terminal singularity, x 0 is an isolated hypersurface singularity of multiplicity 2. Let U be a neighborhood at x 0 . Let U ⊂ V be an embedding of U as a hypersurface in a smooth fourfold V , and let g : V −→ V be the blowing-up of V at x 0 . Let U be the proper transform of U in V , f : U −→ U the restriction of g to U , and F ⊂ V the exceptional divisor of g. Then
Let c be the log canonical threshold of (X, D) at x 0 :
Then c ≤ 1. Let W be the minimal element of CLC(X, x 0 , cD). If W = {x 0 }, then |K X + L| is free at x 0 by Proposition 2.2, since ct < 1.
Step 1. We consider the case in which W = C is a curve. By Proposition 1.3, C is normal at x 0 , i.e., smooth at x 0 . Since t < 1, we have ct+(1−c) < 1. Since σ 1 ≥ 2, there exists a rational number t ′ with ct + (1 − c) < t ′ < 1 and an effective Q-
1 is chosen to be general, we have c ′ > 0. We have an element W ′ such that W ′ ∈ CLC(X, x 0 , cD + c ′ D ′ 1 ) and W ′ ⊇ C. By Proposition 1.3, CLC(X, x 0 , cD + c ′ D ′ 1 ) has an element which is properly contained in C. By Proposition 1.6, we conclude that (X, cD + c ′ D ′ ) is LC at x 0 , and CLC(X, x 0 , cD + c ′ D ′ ) has an element which is properly contained in C, i.e., {x 0 }.
Step 2. We consider the case in which W = S is a surface. By Proposition 1.4, S has at most a rational singularity at x 0 .
Step2-1. We assume first that S is smooth at x 0 . As in Step 1, we take a rational number t ′ , an effective Q-Cartier divisor D ′ on X and a positive number c ′ such that ct
is LC at x 0 , and the minimal element W ′ of CLC(X, x 0 , cD + c ′ D ′ ) is properly contained in S. Thus we have the theorem when W ′ = {x 0 }. We consider the case in which W ′ = C is a curve. Since t, t ′ < 1, we have ct + c ′ (t ′ − ct) + (1 − c)(1 − c ′ ) < 1. As in Step 1, we take a rational number t ′′ , an effective Q-Cartier divisor D ′′ on X and a positive number
Step 2-2. We assume that S has a rational singularity at x 0 . Since the embedding dimension of S is 3 or 4, we have d := mult x 0 S = 2 or 3 ( [A] ). Since
In this case, we can take a rational number t ′ and an effective Q-Cartier divisor D ′ on X such that ct
, and proceed as in Step 2-1.
On the other hand, if c ≤ 1/2, then
We take t ′ and D ′ with D ′ ∼ Q (t ′ − ct)L and ord x 0 D ′ | S = 1 , by Proposition 1.4, {x 0 } ∈ CLC(X, x 0 , cD + D ′ ). As in Step 1, there exists c ′ such that 1 ≥ c ′ > 0, (X, x 0 , cD + c ′ D ′ ) is LC at x 0 , and that the minimal element of W ′ of CLC(X, x 0 , cD + c ′ D ′ ) is properly contained in S. If W ′ = {x 0 } , we have the theorem. We consider the case in which W ′ = C is a curve. We have
The rest is the same as before.
We obtain the following corollary from Theorem 3.1 and [K2 3.1].
Corollary 3.2. Let X be a projective variety of dimension 3 with only Gorenstein terminal singularities, and H an ample Cartier divisor.
Then |K X + mH| is free if m ≥ 4. Moreover, if (H 3 ) ≥ 2, then |K X + 3H| is also free.
The following example shows that the condition σ 3 > 2 in the Theorem 3.1. Furthermore if we assume Q-factoriality at x 0 , we obtain better estimates for σ p .
Theorem 3.4. Let X be a normal and projective variety of dimension 3, L an ample Q-Cartier divisor, x 0 ∈ X a Gorenstein terminal singularity point, and Q-factoriality at x 0 . Assume that there are positive numbers σ p for p = 1, 2, 3 which satisfy the following conditions:
(1) p (L) p · W ≥ σ p for any subvariety W of dimension p which contains x 0 , (2) σ 1 ≥ 2, σ 2 ≥ 2 √ 2, and σ 3 > 2 3 √ 2.
Proof. Since σ 1 ≥ 2 and σ 3 > 2 3 √ 2, Steps 0,1 are the same as Steps 0,1 of the proof of Theorem 3.1.
Step 2. We consider the case in which W = S is a surface. Since S is Q-factoriality at x 0 , S is a Cartier divisor at x 0 ([K1]). Then we have 2 > ord x 0 cD ≥ ord x 0 S. Hence we have ord x 0 S = 1 and mult x 0 S = 2.
Step 2. There exists a rational number t ′ with ct + (1 − c) < t ′ < 1. Let t 1 be a rational number such that t 1 = (t ′ − ct)/(1 − c) > 1. By Proposition 2.1 and σ 2 ≥ 2 √ 2, there exists an effective Q-Cartier divisor D 0S ∼ Q t 1 L| S and ord x 0 D 0S = 2. Hence there exists an effective Q-Cartier divisor D S on S such that
The rest is the same as Step 2-1 of the proof of Theorem 3.1.
We consider non Gorenstein singular points in the following.
Theorem 3.5. Let X be a normal projective variety of dimension 3, x 0 ∈ X a quotient singular point of type (1/r, 1/r, 1/r) for an integer r, and L an ample Q-Cartier divisor such that K X +L is Cartier at x 0 . Assume that there are positive numbers σ p for p = 1, 2, 3 which satisfy the following conditions:
(1) p (L) p · W ≥ σ p for any subvariety W of dimension p which contains x 0 , (2) σ 1 ≥ 3/r, σ 2 ≥ 3/ √ r,and σ 3 > 3/ 3 √ r.
Proof. We have mult x 0 X = r 2 .
Step 0. Let t be a rational number such that t > (3/ 3 √ r)/ 3 (L 3 ). Since σ 3 > 3/ 3 √ r, we can take t < 1. Let t 0 be a rational number such that t 0 = (3/ 3 √ r)/ 3 (L 3 ) − ǫ for 0 ≤ ǫ ≪ 3 r 2 /(L 3 ).
By Proposition 2.1, there exists an effective Q-Cartier divisor D such that D ∼ Q tL and ord x 0 D ≥ (t 0 + ǫ) 3 (L 3 )/r 2 . Hence ord x 0 D = 3/r.
Let f :X → X be the blowing-up of X at x 0 , E ⊂X the exceptional divisor of f , andD be the proper transform of D inX.
Then
Let c ≤ 1 be the log canonical threshold of (X, D) at x 0 :
and let W be the minimal element of CLC(X, x 0 , cD). If W = {x 0 }, then |K X + L| is free at x 0 by Proposition 2.2, since ct < 1.
Step 1. We consider the case in which W = C is a curve. By Proposition 1.3, C is normal at x 0 , i.e., smooth at x 0 . Since t < 1, we have ct+(1−c) < 1. Since σ 1 ≥ 3/r, there exists a rational number t ′ with ct + (1 − c) < t ′ < 1 and an effective Q-
1 be a general effective Q-Cartier divisor on an affine neighborhood U of x 0 in X such that D ′ 1 | C∩U = D ′ C | C∩U and ord x 0 D ′ 1 = (3/r)(1 − c). Then we have ord x 0 (cD + D ′ 1 ) = (3/r), hence {x 0 } ∈ CLC(U, cD + D ′ 1 ). Let
Since D ′ 1 is chosen to be general, we have c ′ > 0. We have an element W ′ such that W ′ ∈ CLC(X, x 0 , cD + c ′ D ′ 1 ) and W ′ ⊇ C. By Proposition 1.3, CLC(X, x 0 , cD + c ′ D ′ 1 ) has an element which is properly contained in C. By Proposition 1.6, we conclude that (X, cD + c ′ D ′ ) is LC at x 0 , and CLC(X, x 0 , cD + c ′ D ′ ) has an element which is properly contained in C, i.e., {x 0 }.
Step 2. We consider the case in which W = S is a surface. Let U be a neighborhood at x 0 , and h : U −→ U its canonical cover, i.e., U = C 3 /Z r (1/r, 1/r, 1/r) and U = C 3 . Let S be h * (S| U ), and x 1 be h −1 (x 0 ). Since S ⊂ C 3 , S is a smooth or a rational double point at x 1 . If S is a smooth point at x 1 , then S| U ∼ = C 2 /Z r (1/r, 1/r). Hence we have mult x 0 S = r. If S is a rational double point at x 1 , then S is A rn+1 type (n ∈ N), i.e., S ∼ = SpecC[x rn+2 , y rn+2 , xy], since S is invariant by the action of (1/r, 1/r, 1/r). Since
(xy) r , (y rn+2 ) r , . . . , (y rn+2 )(xy) r−1 ], the embedding dimension of S| U is 2r + 1. Hence we have mult x 0 S = 2r ( [A] ).
Hence mult x 0 S = 2r and ord x 0 S = 2/r or mult x 0 S = r and ord x 0 S = 1/r. Let d := mult x 0 S/r = 1 or 2.
Step 2-1. We assume first that d = 1. As in Step 1, there exists a rational number t ′ with ct + (1 − c) < t ′ < 1. Let t 1 be a rational number such that t 1 = (t ′ − ct)/(1 − c) > 1. By Proposition 2.1 and σ 2 ≥ 3/ √ r, there exists an effective Q-Cartier divisor D 0S ∼ Q t 1 L| S and ord x 0 D 0S = 3/r. Hence there exists an effective Q-Cartier divisor D such that
The rest of Step 2-1 is the same as Step 2-1 of the proof of Theorem 3.1.
Step 2-2. We assume that d = 2. As in Step 2-1, we take a rational number t ′ with ct + √ 2(1 − c) < 1 and an effective Q-Cartier divisor D ′ on X with D ′ ∼ Q (t ′ − ct)L and ord x 0 D ′ | S = (3/r)(1 − c). Here we need the factor √ 2 because S has multiplicity 2r at x 0 . Then we take 0 < c ′ ≤ 1 such that (X, cD + c ′ D ′ ) is LC and CLC(X, x 0 , cD + c ′ D ′ ) has an element which is properly contained in S.
We shall prove that we may assume ct + √ 2(1 − c) < 1. Then we can take t ′ < 1 as in Step 2-1, and the rest of the proof is the same. For this purpose, we apply Lemma 2.3. In argument of steps 0 through 2-1, the number t was chosen under the only condition that t < 1. So we can take t = 1 − ǫ 1 , where the ǫ n for n = 1, 2, ... will stand for very small positive rational numbers. Then k/r = 3/(r(1 − ǫ 1 )) = (3/r) + ǫ 2 and e = 1/(3c). This means the following: for any effective D ∼ Q tL, if ord x 0 D ≥ 3/r, then cD ≥ S. We look for k ′ > 6/(3− √ 2) so that there exists an effective Q-Cartier divisor D ∼ Q tL with t < (3 − √ 2)/2 and ord x 0 D ≥ 3/r. The equation for k ′ becomes
We have λ ≤ 1/ √ 6e, 1/3 ≤ e ≤ 1/2, and in particular, 0 ≤ λ ≤ 1/ √ 2. By [K2, 3.1 step2-2], we obtain a desired D, and can choose a new t such that t < (3 − √ 2)/2. Then we repeat the preceding argument from Step 0. If we arrive at Step 2-2 again, then we have 2/3 ≤ c ≤ 1 and ct+ √ 2(1−c) < 1.
The following example shows that the conditions in Theorem 3.5 is best possible.
Example 3.6. Let X = P(1, 1, 1, r) and x 0 = (0 : 0 : 0 : 1). Then x 0 is a quotient singularity of type (1/r, 1/r, 1/r) and K X = O(−3 − r). If K X + L is Cartier and L is effective, we have L = O(rk + 3) (k ∈ Z, rk + 3 ≥ 0). If L = O(3), then |K X + L| is not free at x 0 . Hence the conditions σ 3 > 3/ 3 √ r is necessary in Theorem 3.5.
We consider non Gorenstein terminal singular points in the following.
Theorem 3.7. Let X be a normal projective variety of dimension 3, x 0 ∈ X a quotient singular point of type (1/r, 1/r, −1/r) for an integer r ≥ 3, and L an ample Q-Cartier divisor such that K X + L is Cartier at x 0 . Assume that there are positive numbers σ p for p = 1, 2, 3 which satisfy the following conditions:
(1) p (L) p · W ≥ σ p for any subvariety W of dimension p which contains x 0 , (2) σ 1 ≥ 1 + (1/r), σ 2 ≥ (1 + (1/r)) √ r + 3,and σ 3 > (1 + (1/r)) 3 √ r + 2.
Proof. We have mult x 0 X = r + 2.
Step 0. Let t be a rational number such that t > (1+(1/r)) 3 √ r + 2/ 3 (L 3 ). Since σ 3 > (1+(1/r)) 3 √ r + 2, we can take t < 1. Let t 0 be a rational number such that t 0 = (1+(1/r)) 3 √ r + 2/ 3 (L 3 )−ǫ for 0 ≤ ǫ ≪ 3 (r + 2)/(L 3 ). By Proposition 2.1, there exists an effective Q-
Hence ord x 0 D = 1 + (1/r). Let f :X → X be the blowing-up of X at x 0 , E ⊂X the exceptional divisor of f , andD be the proper transform of D inX. Then KX = f * K X + 1/rE f * D =D + eE, e ≥ 1 + (1/r).
Step 1. We consider the case in which W = C is a curve. By Proposition 1.3, C is normal at x 0 , i.e., smooth at x 0 . Since t < 1, we have ct+(1−c) < 1. Since σ 1 ≥ 1+(1/r), there exists a rational number t ′ with ct+(1−c) < t ′ < 1 and an effective Q-Cartier divisor D ′ C on C such that D ′ C ∼ Q (t ′ − ct)L| C and ord x 0 D ′ C = (1 + (1/r))(1 − c). As in [K2, 3.1 step1], there exists an effective Q-Cartier divisor D ′ on X such that D ′ ∼ Q (t ′ − ct)L and D ′ | C = D ′ C . Let D ′ 1 be a general effective Q-Cartier divisor on an affine neighborhood U of x 0 in X such that D ′ 1 | C∩U = D ′ C | C∩U and ord x 0 D ′ 1 = (1 + (1/r))(1 − c). Then we have ord x 0 (cD + D ′ 1 ) = 1 + (1/r), hence {x 0 } ∈ CLC(U, cD + D ′ 1 ). Let c ′ = sup {t ∈ Q; K X + (cD + tD ′ 1 ) is LC at x 0 . } Since D ′ 1 is chosen to be general, we have c ′ > 0. We have an element W ′ such that W ′ ∈ CLC(X, x 0 , cD + c ′ D ′ 1 ) and W ′ ⊇ C. By Proposition 1.3, CLC(X, x 0 , cD + c ′ D ′ 1 ) has an element which is properly contained in C. By Proposition 1.6, we conclude that (X, cD + c ′ D ′ ) is LC at x 0 , and CLC(X, x 0 , cD + c ′ D ′ ) has an element which is properly contained in C, i.e., {x 0 }.
Step 2. We consider the case in which W = S is a surface. Let U be a neighborhood at x 0 , and h : U −→ U its canonical cover, i.e.,U = C 3 /Z r (1/r, 1/r, −1/r) and U = C 3 . Let S be h * (S| U ), and x 1 be h −1 (x 0 ). Since C 3 /Z r (1/r, 1/r, −1/r) = SpecC[x r , x r−1 y, . . . , xy r−1 , y r , xz, yz, z r ], the embedding dimension of S| U ≤ r + 4. Hence we have mult x 0 S ≤ r + 3 ( [A] ). There exists a rational number t ′ with ct + (1 − c) < t ′ < 1. Let t 1 be a rational number such that t 1 = (t ′ − ct)/(1 − c) > 1. By Proposition 2.1 and σ 2 ≥ (1 + (1/r)) √ r + 3, there exists an effective Q-Cartier divisor D 0S ∼ Q t 1 L| S and ord x 0 D 0S = 1 + (1/r). Hence there exists an effective Q-Cartier divisor D S on S such that D S ∼ Q (1 − c)D 0S ∼ Q (1 − c)t 1 L| S ∼ Q (t ′ − ct)L| S and ord x 0 D S = (1 + (1/r))(1 − c). The rest of Step 2 is the same as Step 2-1 of the proof of Theorem 3.1.
The following example shows that the estimates in some terminal singular cases is worse than in the smooth cases.
Example 3.8. Let X = P(1, 1, r − 1, r) and x 0 = (0 : 0 : 0 : 1). Then x 0 is a quotient singularity of type (1/r, 1/r, −1/r) and K X = O(−2r−1). If K X +L is Cartier at x 0 and L is effective, we have L = O(rk + 1) (k ∈ Z, rk + 1 ≥ O). If L = O(r + 1), then |K X + L| is not free at x 0 and L 3 = (r + 1) 3 /r(r − 1). Hence if r ≥ 23, then the condition σ 3 > 3.
